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Abstract: Air-water flows at hydraulic structures are commonly observed and called white waters. The free-surface 
aeration is characterised by some intense exchanges of air and water leading to complex air-water structures including 
some clustering. The number and properties of clusters may provide some measure of the level of particle-turbulence 
and particle-particle interactions in the high-velocity air-water flows. Herein a re-analysis of air-water clusters was 
applied to a highly aerated free-surface flow data set (Chanson and Carosi 2007). A two-dimensional cluster analysis 
was introduced combining a longitudinal clustering criterion based on near-wake effect and a side-by-side particle 
detection method. The results highlighted a significant number of clustered particles in the high-velocity free-surface 
flows. The number of bubble/droplet clusters per second and the percentage of clustered particles were significantly 
larger using the two-dimensional cluster analysis than those derived from earlier longitudinal detection techniques only. 
A number of large cluster structures were further detected. The results illustrated the complex interactions between 
entrained air and turbulent structures in skimming flow on a stepped spillway, and the cluster detection method may 
apply to other highly aerated free-surface flows. 
 
Keywords: Cluster detection, clustering, air-water free-surface flows, two-dimensional analysis, particle structures, 
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INTRODUCTION 
The study of particle clustering is relevant in industrial applications to infer whether the formation frequency responds 
to some particular frequencies of the flow. The effects of coherent structures on solid particles were superbly illustrated 
by Tooby et al. (1977) and further studies included Nielsen (1993) and Nielsen and Zeng (1998), while Elperin et al. 
(2007) investigated the mechanisms of formation of small-scale aerosol in-homogeneities in the atmospheric turbulent 
flow. 
In free-surface flows, the interactions between bubbles and turbulence may yield to some bubble trapping in large 
vortices by inertial effects, as well as particle break-up and merging/coalescence. Ferrante and Elghobashi (2004) 
showed that bubble clusters may modify near-wall longitudinal vortices. In earlier physical studies of free-surface 
flows, particle clusters were measured based upon the longitudinal distribution of bubbles and droplets along a 
streamline (Chanson and Toombes 2002, Gualtieri and Chanson 2010). Despite some limitation inherent to the one-
dimensional analysis, the results hinted that the clustering index may provide a measure of the vorticity production rate 
and associated energy dissipation. 
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The purpose of the present work is to gain a better understanding of bubble-turbulence and bubble-bubble interactions 
by characterising cluster properties in high-aerated free-surface flows.  It is the aim of this study to investigate 
bubbles/droplets travelling together longitudinally and side by side in an advanced cluster analysis. The concept of two 
dimensional clustering is introduced, and the work is applied to the re-analysis of skimming flow data on a stepped 
spillway collected with an array of probes by Chanson and Carosi (2007). 
 
PARTICLE CLUSTERING IN FREE-SURFACE FLOWS 
A concentration of dilute particles within some relatively short intervals of time (Fig. 1) may indicate some clustering 
while it may be instead the consequence of a random occurrence. Figure 1 illustrates the detection of bubbles by two 
phase-detection probes placed side by side in a free-surface flow. The probe mounting is shown in Figure 1B. The flow 
is sketched in Figure 1C and the flow properties are detailed in the figure caption. In Figure 1A, each downward line 
corresponds to a bubble pierced by the probe sensor, and a cluster of 5 bubbles was detected by the array of two probes 
at about t = 40.145 s. 
Considering a bubbly flow region, one method is based upon the analysis of the water chord time between adjacent air 
bubbles (Fig. 1 & 2). If two bubbles are closer than a particular time scale, they can be considered a cluster. The 
characteristic water time scale may be related to the water chord statistics or to the lead bubble size itself, since bubbles 
within that distance are in the near-wake of and influenced by the leading particle (Fig. 2A). A number of early studies 
(Chanson and Toombes 2002, Chanson et al. 2006, Gualtieri and Chanson 2010) were restricted to the streamwise 
distribution of bubbles and did not take into account particles travelling side by side (Fig. 2B) or as a group of spatially 
distributed particles (Fig. 2C). Herein the detection of bubbles/droplets by two probes located side by side (Fig. 1B) 
was considered as sketched in Figure 2C. Two criteria were combined to define the occurrence of bubble clusters in the 
bubbly flow: 
(a) In the longitudinal direction (x), the water chord time between two adjacent air bubbles was compared with the 
leading bubble chord time recorded in the point of measurement. A cluster was defined when: 
 1.chr.airchr.water tt   (1) 
where twater.chr is the water chord time between two bubbles and tair.chr.1 is the air chord time of the lead bubble. Equation 
(1) implies that the trail bubble is in the near-wake of the lead particle (Chanson et al. 2006). The parameter  is a 
dimensionless near-wake length scale, which is non-dimensionalised in terms of the lead particle chord size. 
(b) In the transverse direction (z), the occurrence of a side-by-side particle cluster was defined with reference to the 
particle chord time centre tcent or centre of particle chord time (Fig. 2B): 
 1.chrt.cent1.cent ttt   (2) 
where tcent.1 is the lead particle chord time centre, tcent.t is the side-by-side particle chord time centre, and tair.chr.1 is the 
leading particle chord time with  is a parameter characterising the proximity of side-by-side particles. 
Combining Equations (1) and (2), the two-dimensional cluster criterion encompassed all combinations of particle 
clusters in the longitudinal and transverse directions including both longitudinal clusters and side-by-side clusters (Fig. 
3). Figure 3 shows some typical two-dimensional clusters. A sensitivity analysis was conducted on the coefficients  
and  for 0.3 <  < 0.8 and 0.5 <  < 2. The results (not shown here) suggested that  = 1 and  = 0.5 yielded some 
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physically meaningful outcome, and these values were used herein. 
 
Limitation and uncertainties 
The transverse separation distance z between probe sensors has some effect on the detection of side-by-side clusters. 
For example, a large bubble may be detected by both sensors as two side-by-side bubbles when z is small (Fig. 4A); 
on the other hand, a large separation distance may result in the lesser detection of small bubbles travelling side by side. 
Similarly some large bubbles could be detected more than once (Fig. 4B).  
The effects of probe spacing on side-by-side bubble detection were tested for 3.6 < z < 11 mm in skimming flow 
above a stepped chute. The results showed qualitatively the same trends in terms of detected cluster numbers, although 
the number of side-by-side clustered bubbles detected by the probe array decreased with increasing transverse spacing 
z. 
Lastly the selection  = 1 and  = 0.5 was achieved for some free-surface aerated flow above a stepped spillway. It 
could be expected that these values would differ in hydraulic jump and dropshaft flows, ad more generally in other flow 
configurations. 
 
Experimental data set and analyses 
The experimental data were collected in a large stepped chute physical model (Chanson and Carosi 2007). The chute 
was 1 m wide and 1 m high and equipped with a broad crested weir followed by 10 identical steps (height: h = 0.10 m, 
length: l = 0.25 m) (Fig. 1C). The flow conditions are summarised in Table 1. The air-water flow measurements were 
recorded with an array of two identical single-tip probes (Ø = 0.35 mm) separated with various transverse distances z. 
Each probe sensor was sampled at 20 kHz for 45 s. The probes were phase-detection intrusive needle probes, and their 
applicability in both spray and bubble flow regions was extensively documented (Neal and Bankoff 1963, Herringe and 
Davis 1974, Achard and Cartelier 1991). The probes are shown in Figure 1B and a typical signal output is presented in 
Figure 1A. Further information on the experimental setup and flow conditions were reported in Carosi and Chanson 
(2006). 
Two flow conditions (dc/h = 1.15 and 1.45) were investigated (Table 1) where dc is the critical flow depth 
( 3 2wc g/qd  ) and h is the vertical step height. Some basic air-water flow data measured at the step edge 10 are 
presented in Figure 5 for both flow conditions, where C is the void fraction, F is the bubble count rate, V is the time-
averaged interfacial velocity, Vc is the critical flow velocity ( 3 wc qgV  ) and y is the distance normal to the pseudo-
bottom formed by the step edges (Fig. 1C). A number of characteristic air-water flow properties are further summarised 
in Table 1 (columns 7 to 10). For each flow rate, the measurements were repeated systematically with several 
transverse separation distances z and the air-water flow data presented in Figure 5 corresponded to z = 8.45 mm. 
The clustering analyses were performed at the 10th step edge in the lower bubbly flow region (C < 0.3) and in the 
upper spray region (C > 0.7) for bubble and droplet clusters respectively. Both regions are sketched in Figure 1C. The 
cluster analyses were applied to z = 3.6, 6.3 and 8.45 mm because larger separation distances were greater than the 
turbulent length scales of the air-water flow. A first stage was conducted based on longitudinal bubble clusters (Eq. (1) 
only). Then the two-dimensional particle clustering was applied by combining both longitudinal cluster and side-by-
side cluster criteria (Eq. (1) & (2)). 
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Uncertainty and measurement errors 
In the original data set, the water discharge was measured with an accuracy of about 2%. The translation of the phase-
detection probes in the direction normal to the channel invert was controlled with an error of less than 0.5 mm. The 
accuracy on the longitudinal probe position was estimated as Δx <  0.5 cm. The error on the transverse position of the 
probe was less than 0.1 mm. With the single- tip conductivity probe, the error on the air concentration (void fraction) 
measurements was estimated as: ΔC/C = 4 % for 0.05 < C < 0.95, ΔC/C ~ 0.002/(1 - C) for C > 0.95, and ΔC/C ~ 
0.005/C for C < 0.05. The minimum detectable bubble chord time was about 0.05 ms for a data acquisition frequency of 
Fscan = 20 kHz per channel. The scan frequency determines the resolution of the intrusive phase-detection probe, in 
particular the accuracy of chord size measurement, minimum detectable air/water chord length, and the accuracy of the 
interfacial velocity. Conversely the minimum detectable chord time is 1/Fscan provided that the particles are larger than 
the sensor size. Further information were reported in Carosi and Chanson (2006, p. 21-22). 
Herein the cluster calculations were performed directly on the raw probe signals, for example illustrated in Figures 1A 
and 2B. Considering the cluster criteria (1) and (2), the sampling rate (20 kHz herein) yielded an accuracy in terms of 
particle chord time of 0.05 ms. For the observed velocity range (3 to 3.7 m/s), this would corresponds to a length scale 
accuracy within 0.15 to 0.175 mm. Further error estimates in terms of cluster properties are difficult, possibly 
impossible, because of the non-linearity of cluster criteria and range of relevant parameters (particle sizes, cluster size, 
...). 
 
CLUSTER CHARACTERISTICS 
The cluster analysis results indicated that the cluster properties were a function of the void fraction (Fig. 6). For both 
flow conditions (dc/h = 1.15 & 1.45), the distributions of number of two-dimensional clusters per second are presented 
in Figure 6A. The data set includes both bubbly flow (C < 0.3) and spray (C > 0.7) regions. Figures 6B and 6C present 
respectively the percentage of particles in cluster and the average number of particles per cluster in both lower bubbly 
flow and upper spray regions. Figure 7 illustrates some typical probability distribution functions of number of 
bubbles/droplets per cluster for similar void/liquid fraction. 
Overall the results indicated that a relatively large proportion of particles (bubbles/droplets) travelled within a cluster 
structure (Fig. 6). For the same void and liquid fraction, the number of bubble clusters per second was slightly lower 
than the number of droplet clusters per second. The data suggested that the droplet clusters had a wider spectrum of 
particles than the bubble clusters on average. For example, there was no cluster with 8 or more bubbles travelling for 
the data shown in Figure 7, whereas there were about 1.3% of droplet clusters with 8 or more droplets. The finding was 
observed for all void/liquid fractions. Further, as the void/liquid fraction increased, the probability of finding 
neighbouring bubbles/droplets at closer distances increased, and the fraction of particles in clusters increased as shown 
in Figure 6B. 
Some difference between bubble and droplet clustering processes may be linked with the flow physics. Some basic 
calculations show that, in the spray region, the inertial term is relevant but not in the bubbly flow region (Lopez and 
Puglisi 2003, Elperin et al. 2007). For example, for a 1 mm bubble, the particle response time or Stokes time is about 
60 s, while the Stokes time of a similar size droplet is about 50 ms. Since the bubble response time is smaller than the 
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characteristic time of turbulent flow motion, bubble trapping in large vortices is likely to be a dominant clustering 
mechanism in the bubbly flow (C < 0.3). In the spray region, the ejected droplets do not likely interact with the flow 
and the physical observations showed that they tended to follow some ballistic trajectory which was dominated by the 
initial ejection process and possibly by drop collisions. The particle trajectories were driven by the droplet formation 
and ejection process. The present results indicated a significant number clustered drops (Fig. 6B) suggesting that 
clustering might take place during the upward ejection process, in the form of larger water drops breaking up into 
smaller droplets travelling together. 
In the bubbly flow, clustering is linked with both turbulent particle clustering and the effects of inertial forces leading 
to bubble trapping and clustering in large scale turbulent structures. Clustering may result from self-excitation of 
fluctuations of particle concentration (Elperin et al. 1996) as well as bubble-bubble interactions (i.e. near-wake effect). 
When a bubble is trapped in a turbulent structure, the centrifugal pressure gradient moves the bubble inside the vortex 
core (Tooby et al. 1977), where bubble-bubble interactions may further take place in a highly aerated flow (Sene et al. 
1994). The present results tended to indicate that the clustered bubble chord times were close to the typical bubble 
chord time. 
The particle cluster time scales were compared with the turbulent integral time scales measured by Chanson and Carosi 
(2007). On average the ratio of cluster to turbulent time scales was about 1.9 although there was some data scatter. For 
example, in Figure 1A, the time span of the cluster was 6.9 ms compared to the air-water flow turbulent time scales of 
1.1 and 0.8 ms in the longitudinal and transverse directions respectively. For comparison, the ratio of integral turbulent 
length scales to cavity height h was about 0.02 to 0.05 on average. The cluster time scales were comparable although 
slightly larger than the integral turbulent time scales, hinting the trapping effects of the larger coherent structures as 
illustrated by Ferrante and Elghobashi (2004). The trapping might enhance further bubble-bubble interactions. 
 
DISCUSSION 
The properties of bubble clusters were compared between the present two-dimensional approach and an earlier 
longitudinal method based upon Equation (1) only. A comparison between two-dimensional and longitudinal clusters is 
shown in Figure 8A in terms of number of bubbles per cluster for the same data set (Chanson and Carosi 2007). The 
number of bubbles in two-dimensional clusters was on average 14% larger than the corresponding number in 
longitudinal clusters. Although the number of bubbles per cluster fluctuated at very low void fractions (C < 0.04), the 
two-dimensional bubble clusters had comparatively a larger number of bubbles per cluster, ranging from 2.4 to 3 
bubbles per cluster. For comparison, a number of previous studies of bubble clusters yielded numbers of bubbles per 
cluster ranging from 2.2 to 2.7 in plunging jets, hydraulic jumps and dropshafts based upon longitudinal cluster 
analyses (Chanson et al. 2006, Gualtieri and Chanson 2007, Chachereau and Chanson 2011). The percentage of 
bubbles associated with two-dimensional clusters was substantially larger than the percentage of longitudinal clustered 
bubbles (Fig. 8B). The results indicated a greater percentage, nearly 40% on average, of bubbles travelling together 
when the cluster analysis was conducted in longitudinal and transverse directions simultaneously. The probability 
distribution functions (PDFs) of leading bubble chord time showed a log-normal distribution for both types of bubble 
clusters (two-dimensional and longitudinal) (Fig. 8C). The distribution shape was consistent with bubble chord time 
PDF data on stepped chutes and hydraulic jumps (Chanson and Toombes 2002, Chanson and Carosi 2007, Chachereau 
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and Chanson 2011). However the two-dimensional bubble cluster results showed a broader spectrum of leading bubble 
chord time. For example, there were about 8% of two-dimensional cluster bubbles with chord time greater than 15 ms 
in Figure 8C. The PDFs of longitudinal cluster bubble chord times were comparatively narrow and more skewed with a 
preponderance of small bubbles relative to the mean. 
In the bubbly flow region, the larger number of two-dimensional clusters may be related to the existence of large 
horizontal vortices with axis perpendicular to the pseudo-bottom formed by the step edges (Fig. 1C). These coherent 
structures could trap the air bubbles by inertial effect, and the results (Fig. 8) tended to suggest that horizontal vortical 
structures contributed to some bubble trapping and clustering. 
While most clusters consisted of 2 to 6 particles, some unusually larger cluster structures were observed. Herein, a 
"large cluster" is defined as a group of 8 or more particles travelling together, and these large clusters represented less 
than 2% of the whole cluster population. Their characteristics are discussed herein. There were some unusually large 
clusters in both bubbly flow and spray regions. For example, for dc/h = 1.15, ∆z = 3.6 mm, C = 0.165 and F = 279 Hz, 
28 large bubble clusters were detected during the sampling period (45 s herein), with a maximum number of bubbles 
per cluster larger than 14. For the same flow rate at the same cross-section, 77 large clusters of droplets were detected 
for C = 0.771 and F = 233 Hz. The median droplet chord time was 1.65 ms compared to a median bubble chord time of 
1.15 ms at these two locations. The range of bubble chord times was from 0.05 to 19.6 ms, whereas the range of droplet 
chord time was between 0.05 and 24.4 ms. In large cluster structures, the chord time distributions were skewed with a 
preponderance of small particles compared to the mean (not shown). The clustered droplets tended to have a more even 
distribution in chord time, whereas the clustered bubbles showed a skewer distribution. The probability distribution 
functions of number of particles per large clusters provided further information on the cluster characteristics. For 
example, Figure 9 presents some probability distribution functions of number of particles (8 or more) per large cluster 
in the bubbly flow and spray regions. The results indicated a number of large clusters consisting of 8 up to more than 
14 particles (Fig. 9). 
 
CONCLUSION 
In a high-velocity free-surface flow, the water is highly aerated yielding strong interactions between entrained air and 
turbulent structures. The particle cluster properties may provide a measure of bubble-bubble and bubble-turbulence 
interactions. Herein some cluster analyses were performed based upon a data set collected by Chanson and Carosi 
(2007) using an array of two side-by-side phase detection probes. The data were re-analysed using a new two-
dimensional cluster definition, combining a longitudinal clustering criterion based on near-wake effect and a side-by-
side particle detection method based upon the separation of adjacent particles chord centre. The characteristics of 
bubble clusters were studied in the lower bubbly region (C < 0.3) and droplet clusters in the upper spray region (C > 
0.7). 
The results highlighted a significant number of clustered particles. The number of clustered particles per second, 
number of particles per cluster, clustered particle percentage and probability distribution functions of number of 
clustered particles were documented in both lower bubbly and upper spray regions. The two-dimensional cluster 
properties showed some differences with previous longitudinal cluster analyses. The number of bubble/droplet clusters 
per second and the percentage of clustered particles were larger than those based upon a longitudinal detection 
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technique only. A number of unusually large cluster structures (8 particles or more) were further detected in both 
bubbly flow and spray regions, and their properties were discussed. 
Overall, this study of two-dimensional particle clusters in a highly aerated free-surface flow suggested some complex 
interaction between entrained air and turbulent structures, and hinted the trapping effects of large coherent structures 
combined with particle-particle interactions. Although applied for skimming flow on a stepped spillway, the present 
method may apply to other highly aerated free-surface flows. 
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LIST OF SYMBOLS 
C void fraction defined as the volume of air per unit volume of air and water; 
Cmean depth-averaged void fraction defined in terms of 90% of void fraction; 
ch bubble/droplet chord size (m); 
dc critical flow depth: 3 2wc g/qd  ; 
F bubble count rate (Hz), or bubble frequency (number of detected air bubbles per unit time); 
Fmax maximum bubble count rate (Hz) at a given cross-section; 
g gravity acceleration (m/s2); 
h vertical step height (m); 
l horizontal step length (m); 
Qw water discharge (m3/s); 
qw water discharge per unit width (m2/s): qw = Qw/W; 
Re Reynolds number; 
t time (s); 
V interfacial velocity (m/s); 
Vc critical flow velocity (m/s): 3 wc qgV  ; 
V90 characteristic air-water velocity (m) where C = 0.90; 
W channel width (m); 
x longitudinal distance from the chute crest (m); 
Y90 characteristic distance (m) normal to the pseudo-bottom formed by the step edges where C = 0.90; 
y distance (m) measured normal to the pseudo-bottom formed by the step edges; 
z transverse distance (m) from the channel centreline; 
 
Greek symbols 
 dimensionless parameter; 
z transverse separation distance (m) between probe sensors; 
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 dimensionless near-wake parameter; 
 channel slope angle with horizontal; 
 diameter (m); 
 
Subscript 
air air phase; 
c critical flow conditions; 
cent centre of particle chord; 
max maximum value in the cross-section; 
water water phase. 
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Table 1 - Summary of experimental flow conditions (Data: Chanson and Carosi 2007) 
 
h qw dc/h Re Instrumentation Transv. 
spacing z 
Air-water flow properties at step 10 
      Y90 Cmean Fmax V90 
m m2/s    mm m  Hz m/s 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
0.10 0.116 1.15 4.6×105 Two single-tip 
probes 
3.6 to 40.3 0.0389 0.36 194.9 3.22 
0.10 0.161 1.45 6.4×105 Two single-tip 
probes 
3.6 to 55.7 0.0735 0.29 154.1 3.53 
 
Notes: dc: critical flow depth ( 3 2wc g/qd  ); h: vertical step height; qw: water discharge per unit width; Re: Reynolds 
number defined in terms of the hydraulic diameter; Y90: characteristic depth where C = 0.90; Cmean: depth-averaged 
void fraction; Fmax: maximum bubble count rate; V90: characteristic interfacial velocity at y = Y90. 
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(A) Probe signal outputs - Data: Chanson and Carosi (2007), dc/h = 1/45, Re = 6.9×105, step edge 10, y = 0.0095 m, C 
= 0.022, F = 35.6 Hz (Probe 1), C = 0.021, F = 36.5 Hz (Probe 2), V = 3.4 m/s, z = 3.6 mm 
 
 
(B) Photograph of two phase-detection probes side by side, z = 8.45 mm - Black arrow shows the main flow direction 
Fig. 1 - Two-dimensional bubble cluster detected by two phase-detection probes side by side in the bubbly flow region 
of a skimming flow on a stepped spillway 
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(C) Definition sketch of a skimming flow on a stepped spillway 
Fig. 1 - Two-dimensional bubble cluster detected by two phase-detection probes side by side in the bubbly flow region 
of a skimming flow on a stepped spillway 
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(A) Longitudinal cluster 
 
 
(B) Side-by-side particle cluster (view in elevation) 
 
(C) Two-dimensional particle cluster (three-quarter view) 
Fig. 2 - Sketches of bubble/particle clustering showing particles impacting some phase detection probe (flow direction 
from right to left) 
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Fig, 3 - Examples of two dimensional clusters (views in elevation): (a) four clustered bubbles travelling longitudinally; 
(b) two side-by-side clustered bubbles (c) three longitudinal clustered bubbles with a singular bubble beside; (d) 
longitudinal clustered bubbles with side-by-side bubbles; (e) three bubbles travelling side by side; (f) random 
combination of six clustered bubbles travelling in transverse and longitudinal directions 
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(A) Effect of transverse probe separation on bubble detection: a) small probe separation; b) large probe separation (z1 
< z2) 
 
 
(B) Large bubble detected twice 
Fig. 4 - Examples of cluster detection errors 
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Fig. 5 - Dimensionless distributions of void fraction C, bubble count rate F and interfacial velocity V at step edge 10 for 
dc/h = 1.15 (left) and 1.45 (right) - Data: Chanson and Carosi (2007), z = 8.45 mm 
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(A) Number of particle clusters per second (two-dimensional cluster) as a function of void fraction 
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(B) Fraction of particles in clusters (two-dimensional cluster) as a function of void fraction 
Fig. 6 - Clustering characteristics (two-dimensional cluster) in a skimming flow above a stepped chute at step 10, 
bubbles clusters in bubbly region (C<0.3) and droplet clusters counted in spray region (C>0.7), transverse probe 
spacing ∆z = 3.6mm 
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(C) Average number of particle per clusters (two-dimensional cluster) as a function of void fraction 
Fig. 6 - Clustering characteristics (two-dimensional cluster) in a skimming flow above a stepped chute at step 10, 
bubbles clusters in bubbly region (C<0.3) and droplet clusters counted in spray region (C>0.7), transverse probe 
spacing ∆z = 3.6mm 
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Fig. 7 - Probability distribution functions of number of bubbles/droplets per cluster for a comparable void/liquid 
fraction in a skimming flow above a stepped chute at step 10, in bubbly region (C<0.3) and in spray region (C>0.7), 
dc/h = 1.15, transverse probe spacing ∆z = 3.6mm. 
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(A) Number of bubbles per cluster as a function of void fraction (∆z = 3.6 mm) 
(B) Percentage of clustered bubbles as a function of void fraction (∆z = 3.6 mm) 
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(C) Probability distribution function of leading bubble chord time (C = 0.109, z = 6.3 mm) 
Fig. 8 - Comparison of two dimensional bubble clustering and longitudinal bubble clustering in the bubbly flow region 
(C<0.3) of a skimming flow above a stepped chute at step 10 for dc/h = 1.15 
 
SUN, S., and CHANSON, H. (2011). "Characteristics of Clustered Particles in Skimming Flows on a Stepped 
Spillway." Environmental Fluid Mechanics, Vol. 13, No. 1, pp. 73-87 (DOI: 10.1007/s10652-012-9255-2) (ISSN 1567-
7419 [Print] 1573-1510 [Online]). 
 
21 
 
Number of clustered particles per large cluster
PD
F
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
8 9 10 11 12 13 14 >14
Bubble PDF, C = 0.165, F = 279Hz, 28 large clusters
Droplet PDF, C = 0.771, F = 233Hz, 77 large clusters
 
Fig. 9 - Probability distribution functions of number of particles (8 or more) per large cluster in  a skimming flow above 
a stepped chute at step 10, dc/h = 1.15, transverse probe spacing ∆z = 6.3mm 
 
